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1. In this note, it is shown that a function algebra admits 
nonzero point derivations whenever its maximal ideal space is not 
discrete in the norm topology (terms are defined below). If X is a 
compact plane set, and R(X) the algebra of all continuous functions on 
X which are uniformly approximable by rational functions, it is shown 
that the isolated points of X in the norm topology are just the Choquet 
boundary points (peak points); it follows that R(X) = C(X) if and 
only if R(X) admits no nonzero point derivations. 
2. Let X be a compact HausdorlI space, C(X) the algebra 
of all continuous complex-valued functions on X. By a function 
algebra on X we understand a uniformly closed subalgebra of C(X) 
which separates the points of X and contains the constant functions. 
If A is a function algebra on X, x E X, by a point derivation on A at x 
we understand a linear functional D on A which satisfies: 
w-a = f(x) Dg + g(x) Of? f or every f, g in A. We do not insist that 
D be continuous. 
Let M denote the maximal ideal of A associated with the point x, 
i.e., the set of all f in A such that f (x) = 0. Let M2 denote the ideal 
generated by the set of all products fg, with f and g in M. It is easy 
to see that there exists a nonzero point derivation at x if and only if 
M2#M. 
Via the map: x + (evaluation at x), X can be identified with a subset 
of A*, the dual space of A. The weak-* topology that X inherits 
under this identification coincides with the original topology of X. 
We shall consider also the metric topology on X, induced by the 
norm topology of A*: 
II x -Y II = SUP WC4 -f(r) I :f E A IV II G 11. 
It was Gleason [I] who first called attention to the possible importance 
of this topology. He showed that the relation “x N y if 1) x - y 11 < 2” 
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is an equivalence relation, and that x my if x and y can be connected 
by a finite chain of analytic disks (a consequence of Schwa&s lemma). 
Thus the hope was raised that some sort of analytic structure in the 
maximal ideal space of a function algebra might be found through a 
study of the metric topology. This proved to be the case for certain 
special classes of function algebras. The theorem which follows may be 
interpreted as asserting that a certain last vestige of “analytic struc- 
ture” is indeed to be found, whenever the metric topology is not 
discrete. 
THEOREM 1. Let A be a function algebra on X. Suppose x is not an 
isolated point of X in the metric topology. Then there exists a nonzero 
point derivation on A at x. 
Proof. Suppose there is no noruero point derivation at x, so 
M = M2. Let 
Then 
M = M2 = fi nS. 
fL=l 
Since M is closed, by the Baire category theorem, some nS is some- 
where dense. Since S is convex and symmetric, it follows that the 
closure of S contains a neighborhood of 0. Hence there exists c > 0 
such that for all y EM*, c II PI II < SUP {I df > I :f E S>. But if 
v E M* is multiplicative, 
Thus c II ‘p II < II ‘p II’> or /I ‘p (I >, c, whenever ‘p E M* is multiplicative 
and # 0. In particular, if q(f) =f(y) for some y in X, y # x, then 
the norm of q~ in M* does not exceed 11 x - y II , so 11 x - y (1 3 c. 
Thus x is an isolated point, and the theorem is proved. 
It would be interesting to know if the converse to Theorem 1 is 
valid.1 In this direction, we mention a result due to Curtis and Fig& 
Talamanca [2]. Call a closed subset K of X a peak set if there exists 
feA withf(y)=l for all ygK, If(y)] <l for all y$K. It is 
easy to see that if x is the intersection of peak sets, then the maximal 
1 This question has been settled by S. Sidney, in his dissertation (Harvard, 1966). 
Sidney gives an example where x is isolated in the maximal ideal space of A, in fact 
11 x - y II = 2 for all y # x, and yet there exists a bounded point derivation at x. 
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ideal M associated with x is a Banach algebra with approximate 
identity. But if M has an approximate identity, a theorem of Paul 
Cohen’s [3] asserts that for everyf E M, there exist g, h E M such that 
f = gh. Thus, if x is an intersection of peak sets, there can be no 
nonzero point derivation at x. 
3. By a measure, we understand a complex Baire measure. 
If p is a measure, we denote by 1 p 1 the associated total variation 
measure; then 1 p 1 (X) = 11 p II = norm of p as a linear functional 
on C(X). We call the measure p on X a representing measure for the 
point x E X if for every f E A, f (x) = Jf dp. We shall call the Choquet 
boundary of A, the set of all x E X such that ~({x}) = 1, whenever p 
is a representing measure for x. If x is not a Choquet boundary 
point, then there exists a representing measure p for x with ~((3)) = 0; 
in fact, if v is a representing measure for x with v({x}) # 1, take 
p = (1 - t) 6 + tv, where t = (1 - v({x)))-l, and 6 is the unit point 
mass at x. If x is a Choquet boundary point, then x is isolated in the 
norm topology of X. For if p is a measure on X such that 
f(x) -f(y) = jf dp for every f E A, where y f x, choose any 
g E A withg(x) = 1, g(y) = 0; thengp is a representing measure for x, 
hence ~({x}) = 1. S ince J” dp = 0, we conclude that / ,u 1 (X) > 2. 
By the standard application of the Hahn-Banach and Riesz representa- 
tion theorems, it follows that 11 x - y /I = 2. 
It is easy to see that if x is an intersection of peak sets, then x is a 
Choquet boundary point. Conversely, Bishop and de Leeuw [4] 
have proved that every Choquet boundary point is an intersection of 
peak sets. Thus, the theorem of Curtis and Fig&Talamanca may be 
restated: there are no nonzero point derivations at Choquet boundary 
points. 
4. From now on, X will be a compact subset of the complex 
plane C. We denote by R(X) the uniform closure on X of the restric- 
tions to X of all rational functions whose poles lie off X. We denote 
the two-dimensional Lebesgue measure by m. If p is a measure on X, 
we put for each z E C, 
An application of Fubini’s theorem shows that p is locally summable 
with respect to m, and in particular, p < 00 almost everywhere (a.e.) 
(m). If z EC and P(Z) < co, we set 
then @ is defined a.e. (m) and 1 a(~) I < p(z). 
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LEMMA 1. Let p be a measure on X, let x E C. For each positive 
integer n, let A, = {z : I z - x I < l/n). Then 
1 
JI m(dn) A” 
12-X 
Proof. Let 
PC4 de4 .,- I P(b)> I - 
I (2 - x) (2 - w)-l 1 dm(2). 
Then F,(x) = 1. If w # x, then 1 F,(w) 1 6 n-‘( 1 w - x 1 - n-l)-l 
for 71 > 1 w - x I-l, so F,(w) + 0. Also, 
Thus F, converges boundedly to the characteristic function of {x}. 
But an application of Fubini’s theorem yields 
and Lebesgue’s dominated convergence theorem shows that 
.liFnW d I P I (4 converges to I P I (@I). 
We shall use the following observation of Bishop [5]. Suppose the 
measure p on X annihilates R(X). Then for any x where j2 is defined 
and # 0, the measure V, defined by 
dv(w) = 1 44WJ 
pow-z 
is a representing measure for z. For if f is a rational function with no 
poles in X, 
since (w - x)-i (f(w) -f ( )) x is a rational function with no poles in X. 
This remark, coupled with the fact that ,G = 0 a.e. (m) only if p = 0, 
proves Bishop’s theorem that R(X) = C(X) if and only if almost all 
points of X belong to the Choquet boundary. 
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LEMMA 2. Let x E X, let ~1 be a representing measure fbr x, let 
E > 0, and let 6 = e/(11 p 11 + 1 + E). Then 11 x - x 11 < E whenever 
I .z - x I p(z) < 6. 
Proof. Let 
c = 
I 
(w - x) (w - z)-1 d/L(w). 
Then c = 1 + (z - x) p(z), so j c j > 1 - 6 > 0. Define the measure 
v by dv(w) = c-l(w - x) (w - z)-’ +(w). Then by the above remark, 
v is a representing measure for x. Hence 11 x - x 11 < /I v - p 11 . But 
=- 
ItI II 
w--x-(1 +(z-x)ci(zN(w--z) d,p,(w) 
w-z I 
= Iz--xl 1 
ICI SI --x4I4Plo w-z 
< I c l--l I x - * I (P(4 + II P II I PC4 I) 
Ix---XI 
G ( 1 _ , z _ x , p(z) (II P II + 1) PC4 
< &j (II P II + 1) = E* 
THEOREM 2. Let x E X be a point off the Choquet boundary, and 
let E > 0. Let 
and 
Then 
P,={zEX:IIz-xlj<r} 
A,={zEC:/z-xj<n-1). 
Wc n 4 - 1 
m(4) 
as n+m. 
Proof. Let p be a representing measure for x, with ~((x}) = 0, and 
put 6 = ~(11 p II + 1 + E)-‘. By Lemma 2, 
m(~,nA,)>,7n{z~A,:Ix--~~(z)<6}. 
Hence 
The theorem now follows from Lemma 1. 
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COROLLARY. For each x E X off the Choquet boundary, each 
E > 0, P, has positive measure. 
For E = 2, this result was obtained by Wilken [6]. 
COROLLARY. The isolated points of X in the norm topology are 
precisely the Choquet boundary points. 
Combining the last Corollary with Theorem 1 and the theorem of 
Curtis and Fig&Talamanca, we have: 
THEOREM 3. Let x E X. Then there exists a nonxero point derivation 
on R(X) at x if and only if x is not a Choquet boundary point for R(X). 
COROLLARY. R(X) = C(X) if and only if R(X) admits no nonzero 
point derivations. 
This Corollary could also be deduced from Theorem 1 and Wilken’s 
weaker version of the first Corollary to Theorem 2. 
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